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1 Introduction
2 $x,$ $t$ (Weyl ) $D=\mathbb{Q}\{t, x, \partial_{t}, \partial_{x}\}$ 1
$x$ $D’=\mathbb{Q}\langle x,$ $\partial_{x}\rangle$
$\partial_{x}$ $x$ $D$
$I$ $t$ $J$ $J=(I+tD)\cap D’$ $D’$
Oaku ([5])
$J$
$P\in J$ $P=P_{0}+tP_{1}$ $P_{0}\in I,$ $P_{1}\in D$ ([4]).
$P_{1}$ $P$ Mellin
Oaku, Shiraki, Takayama([6])
$F(n)= \sum_{k=a}^{b}(\begin{array}{l}nk\end{array})$ ( $(\begin{array}{l}nk\end{array})$ 2 )
$f(k, n)=(\begin{array}{l}nk\end{array})$
$((n-k+1)E_{n}-(n+1))\cdot f(k, n)=0$ , $((k+1)E_{k}-(n-k))\cdot f(k, n)=0$
$E_{k}$ , En $k,$ $n$ $f(k, n)$




Zeilberger (creative telescoping) ([9], [10])
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Chyzak ([2]) Chyzak
Risa/Asir([11])
nk-restriction. rr, ost-sum. rr ([14])
2 $D$
$D$ $n$









$x_{1},$ $\cdots,$ $x_{m}$ $J$
$J=(I+x_{1}D+\cdots+x_{m}D)\cap D’$
$D’$ $D$ $I$ $f(x_{1}, \ldots, x_{n})$
$x_{1},$
$\ldots,$ $x_{m}$
$I$ $f(o, \ldots, o, x_{m+1}, \ldots, x_{n})$
$D$
Algorithm 1 ($D$ [5], [7])
: $D$ $I$
$w=(w_{1}, \ldots, w_{m}, w_{m+1}, \ldots, w_{n})$
$w_{1},$ $\ldots,$ $w_{m}>0,$ $w_{m+1}=\cdots=w_{n}=0$
: $I$ $x_{1},$ $\ldots,$ $x_{m}$
1. $I$ $w$ $M=D/(I+x_{1}D+\cdots+x_{m}D)$
$(a)I$ $<(-w,w)$ $\{h_{1}, \cdots, h_{l}\}$





$r=\#\mathcal{B}_{s_{0}}(=\#\{(i_{1}, \ldots, i_{m})|i_{1}w_{1}+\cdots+i_{m}w_{m}\leq s_{0}\})$
$(d) \tilde{\mathcal{B}}=\bigcup_{i=1}^{l}\{\tilde{h}_{i\beta}:=\partial^{\beta}h_{i}=\sum c_{u,v}x^{u}\partial^{v}|\partial^{\beta}\in \mathcal{B}_{s_{\text{ }}-m_{i}}\}$
$\mathcal{B}=\{h_{i\beta}:=\tilde{h}_{i\beta}|_{x_{1}=\cdots=x_{m}=0}|\overline{h}_{i\beta}\in\tilde{\mathcal{B}}\}$
$(e)\mathcal{B}$ $D’$ $(D’)^{r}$ $\mathcal{B}_{s\text{ }}$ ) $D’$ $M$
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Theorem 1 ( [4])




$P_{m}\in D$ $P_{1},$ $\ldots,$ $P_{m}$
$P$
(proof) Algorithm 1 $J$ $\{g_{1}, \ldots,g_{t}\}$ $g_{j}(1\leq j\leq t)$





$\overline{h}_{i\beta}|_{x_{1}=\cdots=x_{m}=0}-\tilde{h}_{i\beta}$ $x_{1},$ $\ldots,$ $x_{m}$
$\sum_{i,\beta}q_{ji\beta}(\overline{h}_{i\beta}|_{x_{1}=\cdots=x_{m}=0}-\tilde{h}_{i\beta})=\sum_{i=1}^{m}x_{i}p_{ij}$ $(p_{ij}\in D)$
$\blacksquare$
Algorithm 2 ( [4])
: $D$ $I$
$w=(w_{1}, \ldots, w_{m}, w_{m+1}, \ldots, w_{n})$ $w_{1},$ $\ldots,$ $w_{m}>0,$ $w_{m+1}=\cdots=w_{n}=0$
: $I$ $x_{1},$ $\ldots,$ $x_{m}$ $\{g_{1}, \ldots,g_{t}\}$ .
$gj(1\leq j\leq t)$ $gj- \sum_{i=1}^{m}xipij\in I$ $p_{ij}\in D$ .
1. Algonthm 1
2. $gj= \sum_{i,\beta}qji\beta hi\beta$ $qji\beta\in D$
3. $R_{j}=gj- \sum_{i,\beta}qji\beta\overline{h}i\beta$ $R_{j}= \sum_{i=1}^{m}x_{i}p_{ij}$ $p_{ij}\in D$
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3$S=\mathbb{Q}\langle k_{1},$










$\Lambda t:Sarrow D$ , $E_{i}\mapsto x_{i}$ , $k_{i}\mapsto-x_{i}\partial_{i}$ , $-(k_{i}-1)E_{i}^{-1}\mapsto\partial_{i}$ $(1\leq i\leq n)$
$S$ $D$
$f(k_{1}, k_{2}, \ldots , k_{n})$ $I$ ( $S$ )
$I$ Mellin $D$ $J=\mathcal{M}(I)$




$1)P_{1},$ $P_{0}\in I,$ $P_{1}\in S$ $F(k_{2}, \ldots, k_{n})$
$P \cdot F(k_{2}, \ldots, k_{n})=P\cdot\sum_{k_{1}=a}^{b}f(k_{1}, k_{2}, \ldots, k_{n})=\sum_{k_{1}=a}^{b}P\cdot f(k_{1}, k_{2}, \ldots, k_{n})$
$= \sum_{k_{1}=a}(E_{1}-b1)P_{1}\cdot f(k_{1}, k_{2}, \ldots, k_{n})$
$= \sum_{k_{1}=a}((P_{1}\cdot f)(k_{1}b+1, k_{2}, \ldots, k_{n})-(P_{1}\cdot f)(k_{1}, k_{2}, \ldots, k_{n}))$
$=(P_{1}\cdot f)(b+1, k_{2}, \ldots, k_{n})-(P_{1}\cdot f)(a, k_{2}, \ldots, k_{n})$
$F(k_{2}, \ldots, k_{n})$ $J$ Mellin
$\mathcal{M}(J)=(\mathcal{M}(I)+(x_{1}-1)D)\cap D’$
$I$ $D$ $\mathcal{M}(I)$ $x_{1}=1$
$D$ Mellin [6]
[6]
Algorithm 3 ( )
: $f(k_{1}, k_{2}, \ldots, k_{n})$ $I$ ( $S$ )
: $F(k_{2}, \ldots, k_{n})=\sum_{k_{1}=a}^{b}f(k_{1}, k_{2}, \cdots, k_{n})$
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1. $S$ $I$ Mellin $D$ $\mathcal{M}(I)$
2. $D$ $\mathcal{M}(I)$
3. $D$ $\mathcal{M}(I)$ $x_{1}$ $x_{1}arrow x_{1}+1$
4. $D$ $\mathcal{M}(I)$ $x_{1}$ $J=D’\cdot\{P_{1}, \ldots, P_{l}\}$ $P_{1},$ $\ldots,$ $P_{l}\in D’$
$Q_{1},$
$\ldots,$
$Q_{l}\in D$ (Algort,$thm1,2$ )
5. $Q_{1},$ $\ldots,$ $Q_{l}\in D$ $x_{1}$ $x_{1}arrow x_{1}-1$












$\mathcal{M}^{-1}(P_{i})\cdot F(k_{2}, \ldots, k_{n})=\mathcal{M}^{-1}(Q_{i})\cdot F(b+1, k_{2}, \ldots, k_{n})-\mathcal{M}^{-1}(Q_{i})\cdot F(a, k_{2}, \ldots, k_{n})$
Example 1( )
$F(n)= \sum_{k=a}^{b}(\begin{array}{l}nk\end{array})$ ($(\begin{array}{l}nk\end{array})$ 2 )
$S=\mathbb{Q}\{k,$ $n,$ $E_{k},$ $E_{n},$ $E_{k}^{-1},$ $E_{n}^{-1}\rangle$ , $D=\mathbb{Q}\langle x,$ $y,$ $\partial_{x},$ $\partial_{y}\rangle$
$f(k, n)=(\begin{array}{l}nk\end{array})$









3. $\mathcal{M}(I)$ $xarrow x+1$
$\mathcal{M}(I)=\langle(x+1)y\partial_{x}+(-y^{2}+y)\partial_{y}-1,$ $-(x+1)(x+2)\partial_{x}+y\partial_{y}\}$
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4. $\Lambda\Lambda(I)$ $x$ $J$ $J=\langle(y^{2}-2y)\partial_{y}+2\rangle$
$P=(y^{2}-2y)\partial_{y}+2$ $Q=-((y^{2}-y)\partial_{y}+1)$ .
5. $Q$ $xarrow x-1$ $Q=-((y^{2}-y)\partial_{y}+1)$
6. $P,$ $Q$ Mellin
$\mathcal{M}^{-1}(P)=-(n+1)(E_{n}-2)$ , $\Lambda 4^{-1}(Q)=-(n+1)(-E_{n}+1)$
$-(n+1)(E_{n}-2)\cdot F(n)=-(n+1)(-E_{n}+1)\cdot f(b+1, n)+(n+1)(-E_{n}+1)\cdot f(a, n)$
$(E_{n}-2)\cdot F(n)=-(\begin{array}{ll}n +1 b\end{array})+(\begin{array}{l}nb+1\end{array})+(\begin{array}{ll}n +1 a\end{array})-(\begin{array}{l}na\end{array})$
4
Example 2 (Algorithm 3 ) $f(k, n)$
$f(k+10, n)-(k+n)f(k, n)=0$, $f(k, n+10)-(k+n)f(k, n)=0$
$m!10(m\in N)$
$m!10=\{\begin{array}{l}(m-10)(m-20)\cdots 10 ((m-10)\equiv 0 (mod 10) ),(m-10)(m-20)\cdots 1 ((m-10)\equiv 1 (mod 10) ),(m-10)(m-20)\cdots 9 ((m-10)\equiv 9 (mod 10) ).\end{array}$
$f(k, n)=(k+n-10)!10$
$F(n)= \sum_{k=a}^{b}f(k, n)$ Algorithm 3
$-F(n+10)+F(n)= \sum_{k=a}(E_{k}-b1)\cdot(-f(k+9, n)-f(k+8, n)-\cdots-f(k, n))$
$=-f(b+10, n)-\cdots-f(b+1, n)+f(a+9, n)+\cdots+f(a, n)$
$A$ lgorithm 3 $Risa/A$ sir ( ost-sum. rr $[14J)$ .
[1661] load (“ ost-sum. rr “);
[1697] $Id=[ek^{\text{ }}10-(k+n), en$ $10-(k+n)]$ ;
$[ek^{\text{ }}10-k-n,en^{\ovalbox{\tt\small REJECT}}10-k-n]$
[1698] $L-ost_{-}$ sum (Id, $[k,n]$ , [ek, en], $[x,y]$ . [dx, dy], [1, $0]$ ) ;
. . .
$[[-en” 10+1], [[[[ek-1, -ek^{-}9-ek^{\text{ }}S-ek^{\text{ }}7-ek^{arrow}6-ek^{\text{ }}5-ek$ $4-ek^{\text{ }}3-ek^{\text{ }}2-ek-1]], 1]]]$
$0.004\sec(0.006489\sec)$







0.01 (Linux machine with Xeon$5450(3.00GHz)$
and 32 $GB$ memory).
Chyzak ([2/)




http $://www$ .math. $k$obe-u.ac. $jp/^{-}nakayama/i-$sum/index.html ). Zeilberger
([9, $10J)$
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